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1. Introduction

T HE most widely used engineering result in stochastic
control theory is that of the solution to the Linear-

Quadratic-Gaussian (LQG) problem. The problem statement of
the LQG problem is to find a nonanticipative control law based
on the measurement history which minimizes the expected value
of a quadratic function of the state and control variables, subject
to linear time-varying dynamics and measurement function, with
additive gaussian white noise. The resulting feedback law is a set
of gains, calculated from the deterministic equivalent problem,1
which operate on the minimum variance estimate of the present
state, calculated from a Kalman filter.2'3 This celebrated result,
first presented to the control literature in Refs. 4, 5 for the discrete
case and in Refs. 6, 7 for the continuous case, has matured
into a useful engineering tool as discussed in Ref. 8. This issue
hosts an exceptional bibliography.9

The class of stochastic control problems considered here will
be limited to certain extensions of the formulation of the Linear-
Quadratic-Gaussian problem, for which usable solutions have
been obtained. In particular, the dynamics are linear, forced by
not only an additive noise process but by multiplicative noise,
in which either white noise processes or randomly jumping
parameters multiply the state and control variables. Non-
quadratic performance criteria, such as an absolute value
criterion and an exponential cost function of a quadratic form
of the state and control variables, are considered. The
exponential criterion represents a multiplicative performance
criterion, in contrast to the usual time additive criteria. Dynamic
programing solutions are obtained in discrete time in order to
simplify the theoretical arguments, although the continuous time
case is used for some illustrations. Besides obtaining usable
results from an engineering viewpoint, this class of problems
illustrates such concepts as the Separation Theorem and the
Certainty Equivalence Principle. Because of the limited scope of
this paper, areas of interest such as optimal measurement
selection strategies, and nonclassical information pattern are not
considered.

To a large degree, because of the parallel development of
minicomputers, the linear feedback law of the LQG problem

becomes a practical control synthesis technique for time varying
problems and multiple input-output systems, and an alternative
to classical frequency design techniques for time-invariant
systems. For example, perturbation guidance schemes lead to
linearized systems about a prechosen nominal path. If the
nominal path is a deterministic optimal path, the neighboring
optimum perturbation guidance scheme10"14 is the result of
solving a problem with linearized dynamics and a quadratic
performance index formed naturally by expanding the perfor-
mance criterion to second order. This case is exceptional since,
in general, the weightings in the quadratic criterion are chosen
by engineering intuition. The preceding problem reduces to the
LQG problem when linearized measurements with additive noise
are included as well as a noise term added to the linearized
dynamics.

The design philosophy for the LQG problem is expounded by
Athans in Ref. 15. He suggests that the choice of the noise not only
reflects the designer's appraisal • of the uncertainty associated
with the additive noise but also models the inaccuracy due to
linearization and other parameter inaccuracies. However, as
shown by Speyer,16 small errors in the system coefficients
multiplying the state and control variables must be taken into
account directly; otherwise, they may lead to instabilities no
matter what additive noise variance is chosen. For this reason,
our survey begins with the extension of the LQG problem to
include a class of random coefficients in the linear system, giving
a more direct approach to handling parameter variations than
"jacking up" the noise variance or arbitrarily readjusting the
weightings in the quadratic performance criterion. It is shown
that the random coefficients introduce equivalent state and
control weightings in a very natural matter.

For the perturbation guidance problem, Denham,17

Fitzgerald18 and Vander Stoep19 noted that improvements in
the expected value of the performance could be obtained if the
trajectory is shaped to enhance the assumed linear estimation
process. This occurs because the covariance of the error in the
estimate is affected by the nominal trajectory through the
coefficients in its propagation equation (i.e., the coefficients are
partial derivatives of the original nonlinear functions, evaluated
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along the nominal trajectory). This dual role of the control
variable, in which the estimation process and thereby the
performance criterion are improved, is characteristic of the
general stochastic control problem and was conceptually intro-
duced by FeFdbaum20 under the term "dual control." In this
Survey, we avoid this difficulty by restricting ourselves to systems
linear in the state variables. The result of this restriction is that
the probability density function for the state variables, con-
ditioned on the measurement sequence and the past control
sequence, is independent of the controller design. This is
essentially the definition of separation of estimation and control
due to Witsenhausen,21 in which the dual control concept no
longer applies. Although this assumption greatly simplifies the
problem, the resulting formulation is still not usually tractable.
For a general survey on stochastic optimal control, see Fleming22

or Wonham.23 The object here is to survey results obtained
from problems retaining some of the aspects of the LQG
problem, but relaxing others which give further insight into the
optimal stochastic control problem and, under certain restric-
tions, give usable results for engineering purposes. In Sec. 2, the
LQG problem is extended to include multiplicative state and
control noise, and the effect of nongaussian noise, random jump
parameters, and stochastic differential games are discussed. In
Sees. 3 and 4, the performance criterion is generalized. First, the
expected value of an absolute value function is shown to give
radically different control strategies than obtainable from the
LQG problem. Then, the expected value of an exponential
function of the quadratic form used in the LQG problem is
considered. This performance criterion allows not only the first
moments of the quadratic form to be minimized (as in the LQG
problem) but some linear combination of all the moments. The
LQG problem is seen to be a special case of this problem.

These extensions are all characterized by controllers which do
not obey the "Certainty Equivalence Principle"14 but for which
there is a separation between estimation and control.21 The
Certainty Equivalence Principle states that the optimal control
design calculated from the noise-free problem is the same as
that for the stochastic problem. This principle holds for the LQG
problem. Although separation holds for the extensions con-
sidered here, the resulting solutions may be so complex that only
approximate solutions are mechanizable. The approximate
solutions given here illustrate certain fundamental ideas and
there is no attempt to survey ad hoc approximations which lead
to suboptimal or adaptive control.

The theoretical results are obtained by using dynamic
programing.24'25 In certain cases, this formulation allows useful
simplification in that the solutions can be mechanized. In other
instances, approximations will be made so that the problem can
be formulated by a finite number of statistics. Within this new
framework, the problem is solved by deterministic optimization
methods.

In this survey, the authors are undoubtedly biased by their
opinions, which are shaped to some extent by their associates
and personal prejudices. They beg the reader's forgiveness in
omitting important and useful work of others.

2. Stochastic Optimal Control with Multiplicative State
and Control Noise

The structure of the linear dynamic system of the LQG
problem is here extended to include white multiplicative noise
on the state and control variables (these will be denoted state-
and control-dependent noise, respectively). This class of prob-
lems is particularly interesting because the system parameters
are not assumed known. Their randomness is modeled, if
only in an approximate way, by a white noise process. The
critical assumption is that the multiplicative noise bandwidths
are much larger than the frequencies of the signals of interest.
As shown in Ref. 16, small errors in some of the parameters of
the LQG problem may lead to instabilities. Furthermore, noise
of this class does occur naturally (see McLane26 for some aero-

space examples and Gustafson and Speyer27 for an example in
communication theory).

2.1 Problem Formulation
In discrete time, the dynamic programing approach of Aoki24

and Tou25 is now considered. The problem is to find a control
sequence {w,- ; i = 1, . . . , N} which minimizes the quadratic
criterion*

= E £ *iMi) (1)

where E[ • ] denotes the expectation operation, xt is an n-
dimensional vector of state variables at stage i, ut is a p-
dimensional control vector at stage i, Qt is a known n x n non-
negative definite matrix, Rt is a known p x p non-negative
definite matrix, and superscript T indicates matrix or vector
transpose. The performance criterion of Eq. (1) is to be
minimized, subject to the discrete dynamical system equations

where At is an n x n transition matrix which is represented as
a white noise sequence with known mean At and variance, Bt
is an n_x p white noise control matrix sequence with known
mean Bt and variance, vvf is an m-dimensional zero mean white
noise sequence with known variance, and the initial condition
Xj is a random variable with known mean and variance; and
the noisy linear measurement vector

z. = HI Xi + vt (3)
where zt is a ^-dimensional vector of measurements available
to the controller at each stage, H(; is a q x n output matrix white
noise sequence with known mean Ht and variance, and vt is a
^-dimensional zero mean white noise sequence with known
variance. The random variables Aif Bit Ht, wif vt for ie [1, AT]}
are all mutually independent. The restriction that wt and vt be
white can be relaxed by augmenting additional state variables.14

The restriction to mutually independent processes can also be
relaxed, at the expense of more complex algebraic manipulations.
In the following, the general problem is first solved and then
specialized to the LQG problem.

2.2 Dynamic Programing Solution
By following the dynamic programing formulation of Aoki24

and Tou,23 a feedback control law is obtained. A non-
anticipative feedback law is to be found which is a function of
the past measurement history defined as the composite vector

which is an i • ^-dimensional vector. The control is to be a
functionf of Zf as

u, = uf(Z,) (5)
Consider writing J as a sequence of nested expectations as

J = Mm

u2
TR2u2+'

where £[./.] denotes conditional expectation and where all the
information in Zf is contained in Zi+l. Applying the fundamental
lemma of Ref. 29, the operations of expectation and minimization
are interchanged in Eq. (6) to give
J =

+ u2
TR2u2+ •

uN
TRNuN/ZN).../Z2-]/Z,}] (7)

* Small letters are used to indicate scalars and vectors; capital letters
are used for matrices.

t These admissible controls are required to be measurable func-
tions28 of the past measurement history, to assure that they are random
variables.

t The notation ie [1, JV] means that i belongs to the set of integers
from 1 to N.
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From an inspection of Eq. (7) it is convenient to define the
optimal return function J(Zf) as the cost to go from stage i to
JV+1, given the measurement sequence Zt and the optimal
control from stage i to stage N, i.e.,
J(Z;) = MmE[xi+l

TQi+ 1 xi+ l + ui
TRiui+ • • • +

ui

Min E(xN + iTQN + iXN + 1+uN
 T&N uN/ZN) . . . /Z J (8)

UN

A recursion relation can now be written between the optimal
return functions at Zi+ 1 and Zj as

(9)

By repeated use of Eq. (9), from the final stage to the initial
stage, the cost in Eq. (7) is evaluated.

2.3 Evaluation of Optimal Return Function at Stage N
The optimal return function at the last stage of control, given

l (10)
where p(xN + l/ZN) is the conditional probability density function
of Xjv + 1, given ZN. Although this density function is, in general,
quite difficult to obtain,30 it is assumed that it is available. The
state XN + i can be eliminated in terms of XN, UN and the white
noise processes at stage N by using the dynamic constraint
Eq. (2) and the Chapman-Kolmogorov equation30 where

/xN, ZN, AN, BN, WN) x
V, AN BN, wN/ZN)dxN dAN dBN dwN (11)

Because of the assumed independence of (AN, BN) and WN

p(xN, AN, BN, WN/ZJV) = p(AN, BN)p(wN)p(xN/ZN) (12)
Using Eqs. (2, 11, and 12), Eq. (10) becomes
J(ZN) =

(13)

WN) (14)
where tr denotes the trace operation. §

Since u is a deterministic function of ZN,U then the simple
parameter minimization indicated in Eq. (14) results in an optimal
control law as

uN
TRNuN~\p(AN, BN)p(xN/ZN) dAN dBN, dxN +

£KTflv + i
Rewriting Eq. (13) and taking the variance of vvf as
J(ZN) = Min J [x

U

where

and
(16)

XN = J XN p(xN/ZN) dxN (17)
where XN, the conditional mean of XN, is, in general, quite
difficult to evaluate.30 If the matrix to be inverted in Eq. (16) is
singular, the pseudo-inverse should be used.31

If Eqs. (15) and (16) are introduced into Eq. (14) and the term
E[xN

TnNxN/ZN~\ is added and subtracted, then Eq. (14), after
some manipulation, becomes

J(ZN) = E[xN
TLNxN + vN)/ZN] (18)

where

(19)
(20)

The error in the estimate, XN — XN, can be shown to be independent
of the past measurements or functions of these measurements.32

Therefore, the estimation errors are independent of the past
controls [c.f. Eq. (5)]. Only the first term in the expectation of
Eq. (18) is influenced by previous controls.

2.4 Optimal Feedback Control Law at Stage i
To compute the control at stage AT— 1, introduce Eq. (18)

into the recursion formula (9)

I 17 TY; 1*7 ~\ ^0^

The last term does not contain the control. The first term which
is a function of uN-l is now in a form identical to Eq. (10).
The procedure for determining % _ ^ is now identical with that
given for UN in Sec. 2.3. By induction, the optimal feedback
control at stage i is

ui*=-\ixi (22)
where
\i = {Ri + E\_Bi

TTi+1Bl]}~1E\_BiTTi+1Ai~]; Tf = gf + Li (23)
and the conditional mean of xt is xf = [xf/Zj. Similar to
Eqs. (19) and (20)
nt = E[AiTTi+ !#;] {Ri-\-E\_Bi

TTi+ jfij}" lE[BiTTi+ ̂ (24)

(25)

2.5 The Certainty Equivalence Principle and the Separation of Estima-
tion and Control

Here, as in the LQG problem, the feedback control is a set of
gains operating on the present estimate of the state. These gains
may be precomputed in computationally limited applications.
However, these gains are functions of the variance of the multi-
plicative noise and obviously not obtainable from the deter-
ministic equivalent problem found by setting the noise to zero.
The Certainty Equivalence Principle14 does not hold. Intuitively,
this result is appealing in that the controller now "hedges" or acts
differently depending upon the amount and type of uncertainty.

The separation of estimation and control sometimes referred
to as the "separation theorem" finds its most general definition
in the work of Witsenhausen.2 1 Suppose there exists a conditional
probability density function of the state xit given the variables
Z, and Ui-i = {ui,...,Ui-i}, as p(xiIZi, I /£_i) . The separation
result states that there is no loss in obtaining the minimum
cost when the set of designs is restricted to a function of
[p(Xi/Zj, Ui- 1)]. That is, there exists a function «£?,- such that a
minimizing control** satisfies u* = ^i[p(Xi/Zif £/,-_!)]. The
filtering problem is entirely independent of the criterion and of
the control laws. In the cases surveyed here, this is equivalent
to the Separation Theorem defined by Wonham.7 Separation
exists when the optimal control law exists in a subclass of
controls which depends only on the expected value of the current
state, given the past measurement sequence (the state estimate),

§The trace has the cyclic property; tr[ABC] = tr\CAB] =
tr\BCA~\. Furthermore, dtr[ABC~\/dA = (BC)1 .

f The derivation in Aoki24 demonstrates this.

The separation theorem is clearly satisfied for the controller
Eq. (22). The feedback gains can be calculated a priori and
independent of the filter calculations. Note that only the moments
of (A{, Bt) are needed. This stochastic control system is a
controller in cascade with the estimator.

Although this solution is elegant, it is unfortunately not usable,
since the conditional mean xf (or minimum variance estimate30)
is not easily attainable because of the presence of state- and
control-dependent noise in the dynamics and observations. A
nonlinear filter is required, which is usually never realizable in
practice. If the state variables are known perfectly, then the
controller is easily mechanized, since x, is simply xf in Eq. (24).
Note that the convexity on the control Ri-^E\_Bi

TTi+1Bi'\ is
increased over the no-noise case where Bf = Bf. This is par-
ticularly significant in the continuous case26'33"36 where this

** The minimizing control may not be unique.
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convexity is retained because of the characteristics of the white
noise. Thus, the restriction that R in the continuous case be
positive definite can be relaxed. This can be of importance in
practical problems without natural control penalties. In such
cases, LQG theory requires the artificial introduction of control
penalties to bound the control. The use of control-dependent
noise to account for control influence uncertainties produces
convexities which are more realistic.

If there is no multiplicative noise, then the gain, Eq. (23), and
the accompanying recursion relationships reduce to those of the
LQG problem. The_ expectations involving (Ait B^ are replaced
by their averages (Aif Bt), whereas additive process noise has no
effect on the gain program. However, unless the measurement
noise, process noise, and initial condition uncertainty are
gaussian, the conditional mean is still generated by a nonlinear
filter.37 Curry38 showed that the result of Eq. (23) still holds even
if the measurements are nonlinear.

2.6 Solution to the LQG Problem
In the gaussian noise case with (Aif ££) deterministic, the con-

ditional probability density function of the state variables is also
gaussian and, therefore, depends only on the conditional mean
and the co variance of the estimation errors. This result, due first
to Kalman,2 is given as

x^Xi + KtSi (26)
where x£ and si? the measurement residual, are
xi = £[xi/Zi_1] = Ai-iXi-i + Bi-tUt-i, st = Zi-HiXi (27)
Given that the white gaussian zero mean noise sequences vt and
Wj and the zero mean normally distributed initial state, xt, have
variances
Efovf] = Vi&u, E[wiW/] = W^j, EEx^7] = X, (28)
where dtj is the Kronecker function, the weighting Kt, the
Kalman filter gain, is

K^PtHfVr1 (29)
where the aposteriori error variance Pt is
Pi = EOi-XiMx^-X;)7] = Mi-MiHi

T(HiMiHi
T+lQ-lHiMi

(30)
obtained using Eqs. (26) and (27), and where M, is the extra-
polated co variance of the error in the estimate obtained using
Eq. (2)

The error in the estimate, eif is independent of the measure-
ment history Zf and also independent of x\. The measurement
residual, sf, is a white noise sequence32 independent of the
measurements Z,_ j. Since only xt contains Z, and not the error
variance, x£ is called a sufficient statistic39 since it summarizes
completely the measurement sequence Z,. Note that this filter in
cascade with the controller, Eq. (22), forms the solution to the
LQG problem when there is no multiplicative noise and only
gaussian additive noise.

For the discrete singular problem (Rt — 0, ie [1, N~\), it is still
possible, in principle, to determine the optimum gains from
Eq. (23). However, it follows from Eqs. (23) and (24) that Lt is
singular since (Ai~lBi)TLi(Ai~ 1Bi) = 0 and At~ 1 is of full rank by
definition of a transition matrix. This can lead to numerical
problems of ill-conditioning and indefiniteness. An alternate
approach has been used by Ho,40 in which the optimal control
is generated using a dynamic system of order n — p and maintains
the state on a singular arc.tt An initial impulse is required in the
continuous case to meet initial and terminal boundary condi-
tions. An especially interesting result occurs if n = p and rank
(Bf) = n V i ; the optimal control is

uf=-BClAiKizi (32)

tt In Sec. 3.1 singular arcs are defined for the continuous case. How-
ever, in the discrete case, dynamic programing eliminates many of the
technical difficulties.

and Xj = OVi except possibly at the boundaries. The control is
a memoryless function of the present measurement and filter
gain matrix.

2.7 Approximate Solution by the Calculus of Variation
An approximate solution to the stochastic control problem

with multiplicative noise in the dynamics and measurements is
obtained by fixing the structure of the controller and filter to be
linear.36 Since the performance index is quadratic and the
controller and filter are linear, the problem is reformulated in
terms of the covariances of the state and the estimation error
of the state. In this statistical space, the problem is now deter-
ministic and deterministic optimization techniques are appli-
cable.14 In particular, since the dynamic constraints are now
matrix difference equations (or, in continuous time, matrix
differential equations) the matrix calculus of variations
approach41'42 supplies the necessary conditions and numerical
procedure. A two-point boundary value problem results because
the control now affects both the mean and variance of the
estimation error. This is an example of dual control (first intro-
duced by Fel'dbaum20) where both the filter gains and the
control are used to improve the filter performance. This should
be contrasted with the dynamic programing solution where the
control does not affect the variance of the minimum variance
estimator, as it does the variance of the linear minimum variance
estimator.

In Ref. 43, this scheme was applied to the space shuttle re-entry
guidance and navigation problem. Control dependent noise was
used to account for aerodynamic coefficient uncertainties. For
this perturbation guidance scheme, the linearized equations are
time-varying. The difficulty is in choosing the proper time-
varying weightings (Qif Rt) in the performance criterion. The
significant result is that even though Rt is chosen as a constant,
the additional convexity caused by control dependent noise is
time-varying; automatically, an effective time-varying control
convexity is obtained. In the re-entry problem, it is seen that the
effective convexity on the control reached peaks in regions of high
dynamic pressure. Thus, the control gains decrease when the
control effectiveness increases.

2.8 LQG Differential Games
A zero sum deterministic differential two-player game involv-

ing a quadratic cost subject to the linear dynamics of both
players was solved in Ref. 44 with the resulting strategy that
each player uses a controller composed of linear gains operating
on the state variables. In Ref. 45, the measurement available to the
evader was linear in the state with additive white noise, while
the pursuer had perfect state information available. Although, in
general, the controllers for the players in the continuous problem
are infinite-dimensional, for an important subclass of problems,
which includes the intercept problem, a finite controller results
for both players. For the pursuer, the control gains are the same
as the deterministic controller; the certainty equivalence prin-
ciple holds. However, the evader's controller contains an
additional state which is the pursuer's estimation error. If both
players make noisy linear measurements, then the controllers
depend upon the past measurement history. The controllers then
depend upon a growing memory, which in the continuous case,
becomes infinite-dimensional.46

2.9 LQG Problem with Randomly Jumping Parameters
An interesting class of LQG problems discussed in Refs. 33

and 47 considers linear stochastic dynamics whose coefficients
are functions of Markov step processes. The coefficients are
assumed to be a continuous time Markov chain with an
exponential transition probability to a finite number of states of
dimension q. The state of the dynamic system and the states of
the Markov step process form a Markov process. For the LQG
problem where this enlarged state space is perfectly known, the
solution is a linear gain operating on the dynamic state,
although these gains are functions of the state of the Markov
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step process. In order to determine these gains, a coupled set
of q, n x n matrix Riccati equations must be computed.

3. Nonquadratic Performance Criterion
Consider problems with linear dynamics and measurements

with additive noise only, but with nonquadratic performance
criterion. As in the multiplicative noise case, for a large class of
performance criteria the Separation Theorem holds. The problem
is to find the control sequence which minimizes the nonquadratic
functional

(33)

subject to the dynamic constraints, Eq. (2), and the observations,
Eq. (3), where the nonrandom means (Aif Bb H^ are assumed,
Wj and vi are white gaussian noise processes with zero mean
and covariance defined in Eq. (28), and the initial state is
normally distributed with zero mean and variance given in
Eq. (28).

It has been shown by Striebel39 and Deyst,48 for the discrete
time case, and Wonham,7 for the continuous time case, that the
separation theorem holds and that the optimal controller has
the form

u* = A£(Xi) (34)
where xf is the present estimate of the state (the conditional
mean) and is a sufficient statistic since it combines all the
information in Z, needed to define the optimal control. This is
a specialization of the definition of separation by Witsenhausen.21

Furthermore, given the linearity and gaussian assumptions, the
conditional mean x,- is calculated by the Kalman filter given by
Eqs. (26-31 ).{J The estimator is independent of this particular
class of performance criteria, Eq. (33). One distinguishing feature
of this class of performance criteria is that it is an additive
function of the present state. This should be contrasted with the
multiplicative performance criteria given in Sec. 4. The difficulty
with this class of problems is in obtaining the nonlinear feed-
back law, Eq. (34) which, in general, is found by dynamic
programing.

3.1 Midcourse Guidance Illustration
An interesting example of the preceding class of problems is

the planetary midcourse guidance problem, where the expected
value of the fuel is minimized subject to a constraint on the
covariance of the terminal miss. The one-dimensional problem
was first solved approximately by Striebel and Breakwell49 and
in three dimensions by Breakwell and Tung.50 Work in this area
is summarized in greater detail than here by Breakwell.51

Since small perturbations in the state about a nominal path
are assumed, the equations of motion are linear in the perturbed
state. With this assumption, the Separation Theorem holds and
the control law will be of the form of Eq. (34). An approximate
solution is obtained by restricting the controller, Eq. (34), to be
linear in the state estimate. The problem is reduced to finding
the best set of gains which makes this linear controller
optimum.

The perturbation equations are given in continuous time
because the solution becomes more transparent. Denote x(t) as
the terminal miss that would result if no corrective action were
taken after time t. x(t) is a scalar position perpendicular to the
nominal direction of travel. The time history of x(t) is obtained
by solving

dx(t)/dt = b(t)u(t) (35)
where the "velocity effectiveness" b(i) is dx(T)/dc(t), c(t) being
the instantaneous velocity perpendicular to the nominal path.
This partial derivative is evaluated along a nominal trajectory
which requires no corrections.

{J Even if the control is nonlinear in the dynamics, as long as the
dynamics are linear in the state, the estimate of the state is still found
from a Kalman filter.7

The problem is to find a corrective acceleration command
policy u(t) so as to achieve a satisfactory mean square terminal
miss E\_x2(T)~] (T is the nominal time-of-arrival) and minimize
the expected value of fuel

J = u(t)\dt (36)

(42)

subject to the dynamic constraint, Eq. (35), and continuous linear
observations with gaussian additive noise

z(t) = x(t) + v(t) (37)
where v(t) is a white gaussian noise process with zero mean and
covariance

where d(t—r) is the dirac delta function. In the rest of this section,
it will be assumed all functions are implicit functions of time
and the explicit notation will be dropped.

3.2 Solution by Approximation
A dynamic programing solution to this problem is avoided if

the controller is assumed linear in the state estimate as
u •= -Ax (39)

where the feedback gain, A is determined so as to minimize
Eq. (36) and may contain delta functions. Define the covariances
of the state, the estimate, and the error in the estimate as

p(t) = E[x2], s(t) = £[x2], q(t) = £[(x-x)2] (40)
The estimate of the state and the error (e = x — x) are propagated
as

x = b\x + k(z — x), e=—ke + kv (41)
where k = qV~1 and the covariances of Eq. (40) are propagated
simply as (s = p + q)

p(0) = 0, p(T) = s(T)-q(T)
Note that the error is uncorrelated with the estimate, i.e.,

E[e(t)x(t)'] = 0. The quantity to be minimized, Eq. (36), can be
written in terms of the covariance as

T u\dt] = [2/Ti]1/2 fTA(r)[p(0]1/2<fo (43)
o J Jo

The preceding equation holds exactly in the one-dimensional
problem and is an upper bound on the expected value in the
multidimensional problem, c.f. Ref. 50.

Reformulated so that the statistics p, q, s form the state space,
the deterministic problem is to find A(t) for t e [0, T] which
minimizes Eq. (43) subject to Eq. (42). The problem can be
solved by a calculus of variations approach rather than dynamic
programing. The result is that there exist optimal arcs for which
the control A lies in the interior of the admissible control
region (0 ̂  A ̂  oo) but not on its bounds. These are called
"singular" arcs because along these arcs the variational
Hamiltonian is not an explicit function of A.'14 Although this
one-dimensional problem can be solved by application of Green's
theorem, the general approach used in Ref. 50 is briefly
described.

The variational Hamiltonian is defined as
H = >lp + j = (2p/7c)1/2A + A[-26Ap + g2J'/~1] (44)

where A is a Lagrange multiplier associated with p in Eq. (42)
and is propagated as

I = -dH/dp = A[2W-(27tp)-1/2] (45)
If A is on a singular arc, the only way the control can be in the
interior of the control region (0 < A < oo) is if

dH/d\ = (2p/jc)1/2 - 2bp^ = 0 (46)
Equation (46) does not explicitly contain A. This is because the
Hamiltonian is linear in A. Since it is assumed that the singular
arc is of finite duration, the time derivative of Eq. (46) is also
zero, i.e.,

J =

d\(dH}ld\~\ldt = 0 (47)
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This derivative is also not an explicit function of A and can be
used to find A on the singular arc as a function of p and the
problem parameters. If A is eliminated in Eq. (46), the value of p
on the singular arc, p*, is

p*(t)=-bq2/[2V(db/dt)-] (48)
Assuming the singular arc is minimizing over t e [0, T] (see
Ref. 52 for necessary and sufficient conditions), then Eq. (48)
forms a switching manifold. Initially, p(0) = 0 and climbs to
p(t J = p*(ti). During the interval re [0, tj, A(t) = 0. At tlt A(t t)
changes discontinuously to the gain which keeps p(t) on p*(t).
The gain on the singular arc is found from d2[dH/d\~\/dt2 = 0.
p(t) remains on the singular arc until t2 where A again discon-
tinuously drops to zero. t2 is chosen so that, with A(t) = 0
over te(t2, T), the terminal condition on s(T) is satisfied.

This result differs considerably from the deterministic solution
to the midcourse guidance problem which involves only
impulsive corrections. Here, a tradeoff is made between the
quality of the information as represented by the error variance
q and the magnitude of the correction. For example, if p(0) > p*(0),
then A(t) would be infinite, forcing p(0 + ) to p*(0 + ). A full
correction to p(Q +) = 0 is not made due to the measurement
uncertainty. If q were zero, then an entire correction is made as
soon as possible to save fuel. However, if the information is
poor initially, then the correction should be made later when the
information is better. The stochastic control law is optimally
"hedging" the magnitude of the velocity correction against the
measurement uncertainty.

From a dynamic programing solution in which the restriction
to a linear controller is removed, Deyst48 and Tung and
Striebel53 obtained improved results over the linear controller
but indicated that linear controller is a reasonable approxima-
tion and captures the form of the optimal solution, i.e., the
existence of switching manifolds.

4. Multiplicative Performance Criterion
The performance criteria in the previous section have been

sums over all stages of functions evaluated at a particular
stage [i.e., Eq. (33)]. Jacobson54 considers minimizing the
expected value of an exponential of a sum of quadratic functions
of the state and control variables. This is a multiplicative cost
function, since the exponential of a sum can be written as the
product of the exponentials. The performance criterion to be
minimized is

J = £|>exp{^}] (49)
where \i = ± y ; 7 is a positive scalar ; and \j/ is a quadratic function
of the form

N

<A = I (xSQiXi + ufRiUd + XN+SON+iXn+i (50)
i = l

where N+ 1 is the final stage. If the positive exponential (n= +y)
is expanded in a Taylor series, then
j = 7{l + 7£[^]/2 + };2£[iA2]/4-2! + 73£[iA3]/8-3!+---} (51)

The cost is a particular weighted sum of all the moments of i^
with 7 as the only free parameter. This allows a degree of shaping
of the probability density function of the quadratic function. If
all the moments of ^ remain bounded as 7 becomes arbitrarily
close to zero, the first moment dominates the sequence and the
optimization problem specializes to the standard LQG problem.
If IJL = — y, the cost resembles a likelihood function. Furthermore,
the negative exponential criterion might represent, approxi-
mately, the probability that the entire state and control history
lie within specified bounds so that the resulting feedback solution
may be a control design for system to operate within specified
bounds or limits.

4.1 Perfect Measurement Case
Jacobson54 minimized Eq. (49) subject to Eq. (2) with

deterministic state and control coefficients and perfect know-

ledge of the state at each stage. The control sequence is
obtained from a backward recursion relationship for the expected
cost to complete the problem from each stage, conditioned on
the state at that stage. Minimizing this expected cost yields the
optimal feedback control as a linear function of the current state
as

u* = -[(Ki + Bi
rGi+1B£)-1B£

TGi+1A-]^ (52)
where Gt is propagated by recursion relationships backward
from the terminal time GN + 1 = QN + \

-i*rt
TGi+ iF;)- ̂ Gn. ! (53)

(54)
The gains in Eq. (52) are explicit functions of the process noise

uncertainty which appear in the Gt calculation of Eq. (53). For the
negative exponential (/i = — 7), as QN + ^ goes to infinity the
effective weighting G I + 1 goes to \TTWY/y\~^, which remains
finite. As 7 goes to oo, the control gains go to infinity, which is
the result obtained from the LQG problem.

As n approaches zero, the gain Afc approaches that of the
LQG problem. If \i = — 7 and Wt tends toward infinity, the gains
go to zero. This intuitively means that as the randomness
increases little is achieved in decreasing the cost function by using
control. On the other hand, if // = +7 and if Wt tends toward
infinity, the gains go to infinity. Furthermore, Jacobson45 shows
that the quadratic cost differential game, constructed by assuming
that the noise is controlled by an intelligent player and is
penalized in the cost function by a weighting equal to its
variance, is equivalent to the /x = — 7 exponential cost function
if it is a cooperative game and to the // = + 7 exponential cost
if it is a noncooperative game.

4.2 Noisy Measurement Case
Speyer, Deyst, and Jacobson55 have considered the exponential

cost function when only noisy observations of the state are
available in the form of Eq. (3) where the nonrandom Ht is used
and vt is a gaussian white noise sequence. In the most general
formulation the control law is a linear combination of the entire
smoothed history of the state. In discrete time for a finite number
of stages, this result is easily mechanized although a bit cumber-
some. Two important special cases retain a finite constant
dimensional controller. First, for the terminal control problem
where only the terminal state is costed, the control law reduces
to a linear combination of the elements of the present estimate
of the state. The certainty equivalence principle does not hold
because the feedback gains are a function of the estimation error
covariance. In the second case, where the state is costed over the
entire path, it is assumed that there is no process noise although
there are initial condition uncertainty and noisy measurements.
The control law becomes a linear combination of not only the
present estimate of the state, but of an additional n-dimensional
vector which is path-dependent.

The problem is to minimize Eq. (49) subject to the stochastic
system, Eqs. (2) and (3) ; using the average value of the coefficients,
wf and vt are zero mean gaussian white noise processes with
covariances as defined in Eq. (28), and the initial condition
uncertainty is normal with zero mean and variance defined in
Eq. (28). To solve this from a dynamic programing approach,
define the optimal return function as the cost from stage i to stage
JV + 1, given the measurement sequence Zt and the optimal
control policy from stage i to N, i.e.,

J(Zt)= Mm (55)

The recursion formula after using the fundamental lemma of
Ref. 29 becomes simply

J(Zi) = Min fiE[J(Zi+ J/Z J (56)

This recursion formula is more difficult to use than that given
by Eq. (9) since the entire state history, costed in [//, is affected by
the expectation over the measurement zi+l.
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Consider the terminal cost problem first (Q, = 0 ie [1, N]). This
gives results similar to those of the previous section. The control
law is now

"i^-AiX; (57)
where x is the conditional mean generated by the Kalman filter
[Eqs. (26-31)] and where Af has the same functional form as the
gains in Eq. (52). However, the recursion formulas, Eqs. (53) and
(54), have Qt = 0 for ie\_l,N~\; Ff is replaced by Ki+1, the
Kalman gain, and W{ is replaced by

where the residue s f + 1 is defined in Eq. (27). The terminal con-
dition on GN +1 is

_ f) i n/") (p ~~ 1 uC\ \~~ 1 f\ l^SS\
N + 1 — V£N + 1 ' r^^N + 1 v N + 1 — M^N + 1 / ^,N + 1 v*^ /

For the negative exponential, if fiv + i-»oo, then GN + 1->
PN + i~*/y, and the effective weighting for the control gains
using Eq. (53) is

The general exponential cost problem (Qt ^ 0 for ie [1, JV+1]
can be cast into a terminal cost problem by defining a state as
the composite vector of the state history up to the current stage.
That is,

,, T__ rv T v T v^n {£*r\\
Yi — L i ' 2 ' • • • > -%i J v^" /̂

where y, is an (n • i)-dimensional vector. Note that at each step the
vector yt increases in dimension by n. Define the [(N + l)-
(JV+1) x (N+ 1)-(JV +1)] composite cost weighting matrix as

"61 0
62

0
(61)

So DX +! is block diagonal with the ith block equal to Qt.
The cost Eq. (55), becomes

J = (62)

which is in the form of a terminal control problem. The problem
is to minimize Eq. (62) subject to the stochastic system, in terms
of ft

f t+ i^ f t + B^ + fiWi (63)
zi = ffiyi + vi (64)

where

are (i+l)-n x i- n, (i+l)-n x p, ( i + l ) - n x m, and q x ( i - h l ) -n
matrices, respectively. At each stage yf increases in dimension
by n. The controller analogous to the terminal controller,
Eq. (52), is

Ml.*=-A^ (66)
where yt is the conditional mean of yf. Since Eqs. (63) and (64)
form a linear stochastic system, p(y£/Zf) is gaussian. In this
enlarged state space, answers corresponding to the terminal cost
problem result. The complication is the growing memory of the
controller.

If there is no process noise entering the system, the preceding
general problem can be transformed into a terminal cost by
projecting all the states to the terminal stage in terms of an
undefined control sequence. After a good deal of algebraic
manipulation, the performance index becomes an exponential
function of two n-dimensional vector rjt propagated as

rii+i=rii + CiQ>N+i,i+iBiui', * 7 i = 0 (67)
where

The new state, r j i + l , is path-dependent since it depends upon
uh which is a function of the measurement sequence Z;. The

control is found to be a linear function of the composite vector
y, r=Dc, r,n,Tas

M,*=-A l y l (69)
where A£ is a p x 2n matrix. The form of the gain is similar to
that of Eq. (52) with recursion relations similar to Eqs. (53, 54,
and 59), c.f. Ref. 55. The significance of Eq. (69) is that it is a
constant dimensional controller. Both this case and the general
problem show that improved performance is attainable if
additional states are constructed, besides the original state
estimate. This is reminiscent of integral compensation in classical
control theory.

5. Conclusions
Surveyed are results obtained by removing some of the

restrictions used in the LQG problem. Unfortunately, when a
restriction is removed, other restrictions need be imposed in
order to obtain implementable controllers. If white multiplicative
state and control noise is added to the LQG problem, only
the perfect estimation problem leads to tractable results. When
the number of stages is large in minimizing the exponential cost
functional, only the terminal controller, no measurement noise
or no process noise cases lead to tractable controllers. In
certain cases, approximations to the general problem lead to
implementable and elegant solutions; however, no bounds on the
goodness of the approximation are available.

The significant aspect of these extensions, which also makes the
stochastic optimal control so difficult in general, is that more
information is used in the solution. These extensions produce
controllers which "hedge" in the presence of uncertainty. Since
these controllers operate differently according to the noise
intensity (as measured by the noise variance), the Certainty
Equivalence Principle does not hold. This intuitive notion is
lacking in the LQG problem. It must be noted that, for the
stochastic control problem, the quadratic cost function is repre-
sented by a probability density function and that the variance
of this cost might be just as significant as its mean. This
density function is obtained in a few special cases in Ref. 56.

The notion of the Separation Theorem is important in that the
stochastic optimal control problem is greatly simplified. Separa-
tion occurs because the control only affects the conditional mean
of the state and none of the higher moments. If the control
affected the variance, for example, control effort would be needed
to improve the estimate. (In general, estimation and control are
coupled together. This is called the "dual control" problem.20)
However, the definition of separation given in Refs. 7 and 21 is
applicable to all the cases given here when the state space is
enlarged, as need be in the exponential criterion problem. The
additional information needed for the controller over just the
estimation problem is called by Striebel39 an "information"
statistic. This separation is a one way result, since the estimation
process does affect the controller design.

In Ref. 54, Jacobson showed the relationship of a deterministic
differential game composed of a quadratic cost and linear
dynamics with a stochastic control problem, using an exponential
cost function but with perfect knowledge of the state. A similar
relationship has not been found for the case of noisy state
information with exponential cost given here and a differential
game. However, there seem to be similarities between the LQG
game with noisy state measurement given by Willman46

discussed in Sec. 2.8 and the general solution given in Sec. 4.2,
since they both depend upon the smoothed history of the state
and, in the limit to continuous time, result in an infinite
dimensional controller.
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